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The embedding procedure of Batalin, Fradkin, and Tyutin, which allows to convert a second- 
class system into first-class, is pushed beyond the formal level. We study nonrelativistic as well as 
relativistic systems. We explicitly construct, in all cases, the variables of the converted first-class 
theory in terms of those of the corresponding second-class one. Moreover, we only conclude about 
the equivalence between these two different kind of theories after compairing their respective spectra 
of excitations. 
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I. INTRODUCTION 

Constrained systems possessing only second-class constraints, also known as second-class systems, are to be quan- 
tized by abstracting the basic equal-time commutators (anticommutators) from the corresponding Dirac brackets, 
the constraints thereby translating into strong operator relations B. Then, the classical-quantum transition may be 
afflicted by ambiguities, which recognize as common origin the noncanonical structure of the Dirac brackets. This 
problem does not arise in connection with first-class systems, i.e., constrained systems whose constraints are all first- 
class, because in this case one can retain the canonical structure for the equal-time commmutators (anticommutators) 
while imposing the constraints as restrictions on the states. Thus, it would be desirable to be able of converting any 
second-class system into first-class. This is precisely what the Batalin- Fradkin-Tyutin embedding procedure (BFT) 
H does for us. 

However, the gauge invariant quantization procedure described above, which was also proposed by Dirac Q, is not 
operational in most cases of physical interest. For instance, for non-Abelian gauge theories no one has yet succeded 
in constructing a vacuum state of finite norm being anhilated by the corresponding Gauss law constraint pi. In fact, 
the quantization of non-Abelian gauge field theories is to be performed in a fixed gauge, where constraints and gauge 
conditions form a set of second-class constraints. Again, the equal-time commutators are to be abstracted from the 
corresponding Dirac bracketsn, which bring us back to the problem we were trying to avoid. 

We believe that the importance of the BFT conversion mechanism rests more on the fact that it provides an efficient 
tool to generate a set of quantum mechanically equivalent theories. This paper is dedicated to a detailed study of 
this equivalence. 

We start, in Section 2, by proposing a second-class nonrelativistic system (a toy model) whose quantization via 
Dirac brackets can be fully carried out and is free of ambiguities. In Section 3, the BFT embedding procedure is used 
to generate the corresponding first-class counterpart. After verifying the existence of a unitary gauge, we implement 
a canonical transformation which enable us to construct all the phase-space variables of the first-class theory in terms 
of those of the second-class one. As we shall see, the first-class theory can be formulated in terms of gauge invariant 
variables only. Also, the number of degrees of freedom of the gauge invariant theory is larger than those of the second- 
class theory. Hence, it becomes non trivial to establish in what sense these two theories are classically and quantum 
mechanically equivalent. The outcomes from the Stiickelberg embedding mechanism B, for the same problem, are 
discussed in Section 4. 

The self-dual (SD) model of Townsend, Pilch and Van Nieuwenhuizen |f| has recently served as a testing ground 
for appplying the BFT embedding procedure in the relativistic case j| ]ll| . After its conversion into first-class 



the SD model appears to be quantum mechanically equivalent to the Maxwell-Chern-Simons (MCS) theory m2 13 
when formulated in a Coulomb like gauge. In Section 5 we generalize the strategy of Section 3, based on canonical 
transformations, and build up the phase-space variables of the MCS theory, in any arbitrary gauge, in terms of those 
of the SD model. Then, the SD and the MCS theories will be shown to be rigorously equivalent irrespective of any 
gauge election. 

The models in the previous sections only contain bosonic variables. In Section 6 we present the BFT embedding 
of the Proca-Wcntzcl field minimally coupled to fermions. As known, this is a second-class theory possessing bosonic 
as well as fermionic second-class constraints. This time is a non-linear transformation which enables us to write the 
converted first-class theory solely in terms of gauge invariant fields. 

The conclusions are contained in Section 7. 

II. A TOY MODEL 

We devote this section to study the classical and quantum dynamics of the nonrelativistic model whose Lagrangian 

is 

L = -mu (q a e ab q b - ujq a g ab q b ) . (2.1) 

Here, m is a mass parameter, a runs from 1 to 2, g ab is the metric tensor of a two-dimensional Euclidean space and 



e a b is the completely antisymmetric tensor (ei2 = +1). The first term in the right-hand side of (2.1) is reminiscent of 
the Chern-Simons structure in three space-time dimensions, while the second is a "mass" term. 



1 See, for instance, Refs. 



The Lagrange equations of motion deriving from (2.1), 

q a + ioe ab q b = , (2.2) 

tell us that the system under analysis is just a two dimensional particle in uniform circular motion, i.e., 

q a q a = (q 1 ) 2 + (q 2 ) 2 = constant , (2.3) 

with (constant) angular velocity equal to u>. Clearly, the energy (H^) and the angular momentum (M^), 

M (0) = = q a q a = constant , (2.4) 

U) 2 

are conserved quantities. 

We shall denote by p a the momentum canonically conjugate to the coordinate q a . Then, within the Hamiltonian 
framework, the system is characterized by the primary constraints^ 

Ti 0) = p a +\mue ab q b &Q (2.5) 



while the canonical Hamiltonian reads 



H<o) = !^ fl . fc . (2 . 6) 



Since the Poisson bracket ([, ]p) 

[T(°) , T b (0) ] P =m,y (2.7) 

does not vanishes, the persistence in time of the primary contraints does not give rise to secondary constraints and, 
hence, all the con straints are second-class. The usual counting reveals that only one independent degree of freedom 



is present in (|2.l| ) 



The system can be quantized through the Dirac bracket quantization procedure (DBQP) JL|. According to this, 
all phase space variables are to be promoted to operators obeying an equal-time commutator algebra which is to be 
abstracted from the corresponding Dirac bracket algebra. For the model under analysis, one easily finds thatn 

[q a ,q b } = - — e ab , (2.8a) 

rnto 

k a ,Pb] = y^ a , (2.8b) 

. ihmuj 

[Pa,Pb\ = ^ tab ■ (2.8c) 

As for the quantum mechanical Hamiltonian it can be read off directly from ( |2.6| ), in view of the absence of ordering 
ambiguities in the clas sica l-quantum transit ion. 



Within the algebra ( (2.8] ) the constraints (2.5) hold as strong identities. Therefore, we use them to eliminate from 
the game q 2 and p2- We, also, define 

q = q 1 = — V2 , (2.9a) 

V = 2 pi = -mujq 2 , (2.9b) 

as the variables spanning the reduced phase-space (r*) of the system. As required 0,0, they verify the canonical 
commutation relation [q,p] = ih. Then, from ( p.6|) follows that the reduced phase-space Hamiltonian is 



2 Throughout this paper the sign of weak equality (~) is used in the sense of Dirac J 
3 We shall not distinguish between a quantum operator and its classical counterpart. 



""•'•■ = ^ + T""«" • 



(2.10) 



which describes an one dimensional harmonic oscillator with mass m and proper frequency u. We shall designate by 
\n >,n = 0, +1, +2, ..., the eigenstates of H^*, and by E n , 



E n = (n + 1/2) h\u\ 



(2.11) 



the corresponding eigenvalues. 

The expression for the quantum mechanical angular momentum operator can not be obtained by promoting (2.4) 
to the quantum regime. Indeed , if o ne insists on M^* = H^*/u>, M^* fails to anhilate the ground state \n = >. 
Because of this, we substitute (2.4) by 



M (c 



H {0> 



1 



nu 



u 2 ' ' 

To summarize, M^* and ij(°) as * possess common eigenstates and the eigenvalues of M^ are m n h with 

m n = ne(uo) , 



(2.12) 



(2.13) 



where e denotes the sign function. 

We shall also need, for future purposes, the functional formulation of the quantum dynamics. The Green functions 
generating functional (W) for second-class systems was derived by Senjanovic p5| . Since in the present case the 
determinant det [Ta , T b , }p is just a number, the expression for W reduces to 



2 2 / 2 

W - N An Vq a ][f[ Vp a ] fl S[p a + \ 
a—1 a—1 \a— 1 

f + °° , ( -a rnu 2 a 
i J dt ( Pa q a - — q \ 



muje ab q 



x exp 



where Af is a normalization constant. After performing the momentum integrations one obtains 



/ 2 r />+oc 
[[[ T>q a ] exp i / 
n . J — OO 



ij_ (a, 'b a b\ 

dtmco [q tabq - uiq g a bq ) 



which sais that the effective Lagrangian coincides with (2.1). A further integration on q yields 

f + OO 



W = N J [Vq] exp if dt ( 



■2 



2 2 

■ Ul q 



(2.14) 



(2.15) 



(2.16) 



where we have used (2.9a). This confirms that the reduced system is an one dimensional harmonic oscillator. The 



analysis of the toy model as a second-class system is by now complete. 



III. BFT EMBEDDING OF THE TOY MODEL 



We next use the BFT g] procedure to convert the second-class system described in the previous Section into 
first-classn. For this purpose, one starts by introducing an additional pair of canonical variables (coordinate u a and 
momentum s a ) for each second-class constraint. The new constraints and the new Hamiltonian are found, afterwards, 
through an iterative scheme which, in the present case, ends after a finite number of steps. Presently, the BFT 
conversion procedure yields 



Ti°> — T a = Tj°) + T^ =p a + e ab [ -u,,;,r v mx :*' ] *, t) 



(3.1) 



For a detailed description of the BFT procedure we refer the reader to the original papers in Ref. |2| 



tf(°) — > J? = H<® + tf« + H^ = ^ f q a + -L= z a ) , (3.2) 



where the following definition 

z a = -^u a - e ab s b , (3.3) 

has been introduced. We emphasize that the z a, s are composite objects whose Poissson bracket algebra, 

[z a ,z b ] p = -e ab , (3.4) 

derives from the canonical algebra 

[u a ,u b ] p = 0, (3.5a) 

[s a , Sb] P = , (3.5b) 

[u a , s b ] P = 51 . (3.5c) 

One can easily check that the new constraints and the new Hamiltonian are, as required, strong under involution, i.e., 

[T a ,T b ] P = 0, (3.6a) 

[T a ,H] P = 0. (3.6b) 

The converted system is, indeed, first-class and obeys an Abelian involution algebra. 

We construct next the unitarizing Hamiltonian (Hi/) and the corresponding Green functions generating functional 
(W x ) §. If we denote by 

* = C a X a -P a X a , (3.7) 

Q =TT a V a + T a C a , (3.8) 

the gauge fixing fermion function and the BRST charge, respectively, one has that 

H v = H - [#, ft]p . (3.9) 

Here, C a and C a are ghost coordinates and P a and V a their respective canonical conjugate momenta. Furthermore, 
A a is the Lagrange multiplier associated with the constraint T a and 7f„ is its canonical conjugate momentum. The 
gauge conditions \ a are to be chosen such that 

det [ X a ,T b ] P ft . (3.10) 



The generating functional W x , corresponding to the unitarizing Hamiltonian (3.9), is 



W x = N / [Da] exp(iAu) , (3.11) 



where the unitarizing action Ajj is given by 



A 



V 



f dt ( Pa q a + s a u a + 7f A Q + C a V a +P a C a - H v \ (3.12) 

J — oo 



and the integration measure [Da] involves all the variables appearing in Ajj. To complete the characterization of 
the converted system, we mention that under an infinitesimal supertransformation generated by ft, the phase space 
variables change as follows 



Sq a = [q a ,n] P e = C a e , 

x r m muj nb 

OPa = [Po, "Jp£ = -^-CafcC £ , 






[u a , ^]p£ 

[s a , o] P £ 



;C a e 



Cafc C £ 



<5A a = [A a , fi] P e = -P a £ , 

5C a = [C a , tt]p£ = 7f Q e , 

<57> a ee [7> a ,r>] P £ = T a e , 

57f a = [7f„, fi]p£ = , 

sc a = [c a , n\pe = o , 

6v a s jpa^ fi ] p£ = q _ 



(3.13a) 
(3.13b) 
(3.13c) 
(3.13d) 

(3.13e) 
(3.13f) 
(3.13g) 
(3.13h) 
(3.13i) 
(3.13J) 



where e is an infinitesi mal fc rmionic parameter. 

We now focus on Eq.( 3.11 ) and restrict ourselves to consider gauge conditions which do not depend upon A a and/or 
TT a . Then, the rescaling x a ~* xVA ^a — * P^a and C a — ► f3C a allows, at the limit (3 —^ 0, to carry out all the integrals 
over the ghosts and multiplier variables |l^,|l^|, with the result 



/2 2 2 2 

[[J 2?<f] [J] £> Po ] [[] I?u a ] [[] Vs a ] det [ X a , T 6 ] P 



o=l 



exp 



a=l 

/ / dt (p a q a + s a ii a - H ) 



(3.14) 



The structure of the Hamiltonian (see Eq.(3.2)) suggests the change of variables u a — > u' a = z a , s Q — > s' a = s a , 
whose jacobian is a nonvanishing real number. Since H does not depend upon s' a , the corresponding integration is 
straightforward and after performing it one obtains 



„ 2 2 2 

^x - -^ / [J[ Vq a ] [J[ V Pa ] [ft Vz a ] det [ X a , T b ] P 

a—l a— 1 a— 1 



2 



f[<5[T a ]j fn^X Q ]jexp i^ 



'«' I p a q a +^° £a b i b 



H 



(3.15) 



Notice that, up to a surface term, 1/2 J dtz a e a bZ b can be rewritten in the stan dard canonical form J dtz l z 2 . The 
interpretation of z 1 as the canonical conjugate momentum of z 2 , suggested by (3.4), is then possible but not mandatory. 
Finally, we take advantage of the functions 6[T a ] to carry out the integrals on p a , thus arriving at the following final 
expression for W x 



2 2 / 2 \ 

W x =N f[flVq a ][f[Vz a ]det{x a ,T b ]p(f[S[x a ])e^ 

J a=l a=l \a=l ) 



+oo 



dtL 



BFT 



) 



where 



and 



L 



BFT = 



•K tab •£ 



w x g a b x 



X a = q a 



(3.16) 



(3.17) 



(3.18) 



One can easily verify, from (3.3), (3.13a), ( 3.1 3cj ) and (3.13d), that x a is gauge invariant. 

Clearly, the subsidiary conditions z a sa enables one to recover the original second-class theory (see (2.14)) and, 
therefore, define the unit ary gauge. This is enough to secure that the first-class theory (3.16) is equivalent to the 
second-class theory ( [2.14 ) from which we started. 



Most investigations on the BFT embedding procedure end at the level of our expression ( [3.15 ). This leave out of 
consideration a whole o f pos sibilities whose analysis is one of our purposes in this work. To exemplify what we mean 
by this, we perform in (3.14) the canonical transformation 



q a - 


■* Q a 
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e Pb 

TOW 


Pa ~ 


"» Pa 
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1 
~ 2 Pa 
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4 


u a - 


-> u a 
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1 afc 

e Pb 

TOW 


Sa - 


■* "a 


= 
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x/Ir 



ab „ 
:£ S b 



TOW 



£ab" 



7710-1 



V4tow 



:e afc Sb 



(3.19a) 
(3.19b) 
(3.19c) 
(3.19d) 



which, after some algebra, enables one to rewrite 

.2 2 2 2 

W X =AT ji[[ VQ a ] [JJ 2?P a ] [J] PCT] [JJ P^ a ] det [ x a , ^b]p 

a— 1 a— 1 a— 1 a— 1 

x m ^^1 ) (I! *[X°]J ex P * / +> ° d* ( p aQ a + S a U a - K 



where the transformed Hamiltonian K is given by 

K 



1 
2ro 



P a g ab P b 



) a e b „ P h 



moj 



Q a g ab Q b 



(3.20) 



(3.21) 



Notice that Q a , P a , and S a are gaug e invariant phase-space variables, as can be seen from ( 3.13 ) and ( 3.19 ). Moreover, 
the canonical transformation ( 3. 19] ) has been chosen in such a way that the constraints are simply given by the 
equations S a = 0. Thus, only the coordinates U a are affected by gauge transformations and, furthermore, U a sa are 
admissible gauge conditions, to be selected from now on. Hence, after carrying out the S,U and P integrals in (3.21) 
one arrives at 



W u=a = N 

where the effective Lagrangian (£y=o) 

Lu=o '- 



/* / r+oo 

{Y[VQ a }cxp (i / dtL u=0 

a=l \ J ~°° 



777 
T 



9ab 



nb 



\i> 



Q a ^abQ i 



(3.22) 



(3.23) 



only contains gauge invariant degree s of freedom. 

Observe that the "mass" term in (2.1) has been replaced by a standard kinetic energy term. Then, Ljj = o does not 
describe a constrained system but a regular one possessing truly two independent degrees of freedom. On the other 
hand, L involves, as we already pointed out, only one independent degree of freedom. Since the BFT conversion 
procedure should no alter the physics, Ljj = q and L must be equivalent. We shall next investigate this equivalence in 
detail. 

Let us first look at the classical dynamics arising from Ljj = q. The Lagrange equations of motion are found to read 



Q a +tue ab Q b = , 
implying that 

Q a + Lue ab Q b = C a , 
where C a ,a — 1,2 are constants of motion. The Cartesian form of the trajectory is easily found to be 






C 1 

Q — — I = constant 



(3.24) 
(3.25) 

(3.26) 



which are just circles centered at Q 1 = —C 2 , Q 2 — C 1 . Also, the energy (K) and the angular momentum (M). 

m 



K 



TQa , 



(3.27) 



M 



E m 



C a C a 



(3.28) 



turn out to be conserved quantities. By comparing these results with the corresponding ones in Section 2, we conclude 
that the second-class rotator was converted into a first-class system just by turning arbitrary the position of the center 
of rotation. 

We turn next into quantizing Lu = q. For a regular (unconstrained) system the equal-time commutation algebra 
must be abstracted from the corresponding Poisson bracket algebra. Then, 



[Q a ,Q b ] = o , 
[Q a ,P b ] =ih5 a b , 

[Pa,Pb] = . 



(3.29a) 
(3.29b) 
(3.29c) 



Due to the absence of ordering ambiguities, the Hamiltonian operator can be read off from ( 3.21 ). On the other hand, 
in terms of phase-space variables the angular momentum operator is found to read 

M = Q a e ab P b . (3.30) 

It will prove convenient to introduce destruction (A±) and creation (A ± ) operators of definite helicity defined as 

1 



A 4 



V2 



. Ax t iA 2 ' 



4 = 4 (4±i4) 



V2 
where A a and A^ a , a = 1,2, are, respectively, standard destruction and creation operators, i.e., 

77lM\ 2 



A„ 



47; 



• l.t = f^) 2 Q a -*(m^|) 



Q a + i (mh\uj\) 2 P a , 

Pa ■ 



The equal-time algebra verified by A± and A\ 



±i 



[A r ,A s ] = , 
[ A r , A s J = , 
[ A r , A s J = <Vs 



where r = +, — and s = +, — , follows from (3.2E), (3.31) and ( 3.32| ). 

Now, the Hamiltonian and the angular momentum operators can be cast as 



K = {N + + N-) 



h\uj\ , , Tim 

-!— - + (N+ - N-) — 

2 V + ' 2 



(3.31a) 
(3.31b) 

(3.32a) 
(3.32b) 



(3.33a) 
(3.33b) 
(3.33c) 



(3.34) 



where 



M = h ( N + - JV_ ) 



N + = A ] + A, 



iV_ 



A 1 A_ 



(3.35) 

(3.36a) 
(3.36b) 



We shall denote by |n+n_ > the common eigenstates of the hermitean commuting operators N+ and iV_. They are 
labeled by the semidefmite positive integers n + ,n_. Then, the eigenvalue problems for K and M read, respectively, 



K\n + n- >= E n+tn _ |n+n_ > , 



where 



and 



£" 



n+jti — 



[l + e(«); 



c( w ); 



ftlwl 



<-n+,n_ 



= n + — n_ 



(3.37a) 
(3.37b) 



(3.38) 



(3.39) 



The dependence of E n+tTl _ on n + and n_ is rather peculiar. In fact, for lo > the right hand side of Eq.( fo.3S| ) 
reduces to (n+ + l/2)S.|o;|, while for cl> < it goes in to (n _ + l/2)7i|w|. Hence, in either case, the energy eigenvalue 
spectrum is that of the second-class system (see Eq.(2.11)). As for the angular momentum, we observe that rn n+ ^ n _ 
depends simultaneously on n + and n_ , irrespective of the sign of w. Thus, the energy level s of the first-class system 
are (infinitely) degenerate, whereas those of the second-class system are not (see Eq.( 2.13 )). For both systems, the 
range of eigenvalues of the angular momentum operator is the same. It is in this sense that these systems are quantum 
mechanically equivalent. 

Before closing this Section, we would like to confirm that the degeneracy of the energy levels is related to the 
arbitrariness in the position of the point around which the classical motion takes place. To this end, we start by 



noticing that the right hand sides in Eqs.(3.21) and (3.30) can both be diagonalized by means of the canonical 
transformation 



Q 1 = -^=(v + V2p) , 

ft = ^(Pn + -±P P ) , 



Po 



2V2 



(77 - V2 



p , 



The replacement of ( 3.40| ) into ( 3.21 ) and ( 3.3C ) yields, respectively, 

_L Q lib C-) Q 



K= 2^ P ?~ + J UJ ~ P ~ 



and 



M =b K ~k 



Pr) 2 TH fU>\' 

2^ + Y V 2) 



V 



(3.40a) 

(3.40b) 
(3.40c) 
(3.40d) 

(3.41) 

(3.42) 



The decoupling of the sector rj, p v from the dynamics should be noticed. Moreover, from ( 3.28 ) and ( 3.42| ) follows 
that the constants of motion C a , a = 1, 2 can be written in terms of rj and p n as 



C' 1 



V2 



■Pr, 



C 2 - n 



(3.43a) 
(3.43b) 



In fact, 77 and p^ are, up to proportionality constants, the Noether charges associated with the invariance of Ltj—q 
under the global translations Q a — > Q a + C a . As already pictured, what we have at hand is a rotator whose location 
in the plane Q 1 and Q 2 is arbitrary. 

This new formulation of the converted model is to be quantized, again, by abstracting the equal-time commutators 
from the corresponding Poisson brackets. The only nonvanishing commutators, then, are 



[p,p p \ 



ifi 
ih 



(3.44a) 
(3.44b) 



and, consequently, from ( ft. 41 ), (3.42) and (3.44) one obtains 

[K,M] = [K, V ] = [K,p v ] = . (3.45) 

Thus, we have four conserved observables (K, M , 77, and p v ) but not all of them are mutually commuting, since 



[M, V ] = — Pn ^0, 
muj 



\M . 



Pv. 



iTimoj 



n^o 



(3.46a) 
(3.46b) 



We select K and M as the maximal set of commuting observables. Their common eigenstates will be labeled by the 
corresponding eigenvalues, E n and m n> n, respectively. According to (3.41) the Hamiltonian K is that of an harmonic 
oscillator of mass m and proper frequency \u>\. Therefore, 



E n — 



- I /'U- 



(3.47) 



where n is a positi ve semidcfinite integer. This confirms that the energy eigenvalue spectrum is that of the second -clas s 
system (see (2.11)). As for the angular momentum, we observe that the first term in the right-hand side of ( 3.42| ) 
is just K whereas the second is, up to a sign, proportional to the Hamiltonian operator of an harmonic oscillator of 
mass m and proper frequency |w|/2. Hence, 



in. 



(n - n)e(w) , 



(3.48) 



where n and n are positive semidefinite integers. As it must be the case, this is in agreement with ( 3.39| ). It is clear 
that the degeneracy of the energy levels E n is due to the presence of n in ( 3.48 ). In turn, n originates from the 
harmonic oscillator in the sector r\ and p n . As we already pointed out, these are the variables that, in the classical 
limit (Ti, — > 0) , determine the location of the center of rotation in the plane Q 1 , Q 2 . 



IV. STUCKELBERG EMBEDDING OF THE DISCRETE SYSTEM 

The aim of this Section is to compare the outcomes of the BFT and the Stuckelberg 0] embedding s in connection with 
the nonrelativistic system defined by (p7l|). The Stuckelberg embedding consists in replacing, in (2J), q a — > q a + y a , 
thus obtaining 



L S = -mw [(g a + y a )e ab (q b + y b ) - u,(q a + y a )9ab(q b + y b )] 



(4.1) 



We shall designate by p a and w a the momenta canonically conjugate to q a and y ai respectively. From the defining 
equations for p a and w a follows that the extended system is characterized by the primary second-class constraints 



the primary first-class constraints 



and the canonical Hamiltonian 



Q a = w a + ■= m 10 e ab ( q b + y b ) w , 



T 



Pa ~ W a 



, 



(4.2) 



(4.3) 



He 



There are no secondary constraints. From 



(q a + V a ) (qa + Va ) ■ 



(4.4) 




follows that the infinitesimal gauge transformations generated by 



the first-class constraints leave the Lagrangian ([4. l[) invariant, as must be the case. The second-class constraints can 



10 



be eliminated by introducing partial Dirac brackets (A-brackets) with respect to them 
A-brackets one obtains 



For the nonvanishing 



[r,Pb 



A 



s a h , 



[Pa 


,Pb] A 


muj 
= - — e ab 


[Pa 


y b ] A 


~ 2 b ' 


[Pa 


w b] A 


771LU 
= -—t ab 


[y a 


y b ] A 


— e ab 
771LU 


[y a 


w b] A 


-8 a 
- 2 " ' 


W a 


Wb] A 


m lu 



(4.5a) 


(4.5b) 


(4.5c) 


(4.5d) 


(4.5e) 


(4.5f) 


(4-5g) 



Within the A-bracket algebra the second-class constra ints hold as st rong identities. We now use this fact to eliminate 
from the game the variables w a , a — 1, 2. As seen from (4.2) and (4.3), the first-class constraints in the reduced phase 
space can be cast as 



^p:'f 



Pa + 7; muje ab(q b + y b ) ~ 



We subject, afterwards, the remaining variables to the transformation 



1 
2 
fmujy a 



Pa -* Pa = Pa - -muj <L a bV , 



The variables q a , p a are canonical, 



while 



[<f , Pb] A = 5, 



J b i 



[z a ,z»] A = ~e ab . 



(4.6) 

(4.7a) 
(4.7b) 
(4.7c) 

(4.8) 

(4.9) 



All other A-brackets vanish. In terms of these new variables, the first-class constraints and the Hamiltonian of the 
reduced phase-space are found to read, respectively, 



T* = p a + e a b ( -^mui q b 







(4.10) 



H q = -^— | q- 



'moj 



(4.11) 



From (4.1), (4.2), (4.10) and (4.11) one concludes that the BFT and the Stuckelberg embeddings lead to equivalent 
results. The only subtle point to be noticed is that the z's are composite variables, while the z's are basic phase-space 
variables. Nevertheless, the second-class constraints involving the z's give rise to a Dirac bracket which is numerically 
equal to the Poisson bracket obeyed by the z's. 



V. BFT EMBEDDING OF THE SELF-DUAL MODEL 



On a semiclassical level, the SD model has been shown J18|JlS| ] to be equivalent to the Maxwell-Chcrn-Simons (MCS) 
theory |13,O,E0[ . That this equivalence holds on the level of the Green functions was proved in Ref . |E1[ . Lately, the 
second-class constraints of the SD model were successfully converted into first-class by means of the BFT embedding 
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procedure. It was then found that the SD model and the MCS theory in a Coulomb like gauge are just different 
gauge-fixed versions of a parent theory p-plj] . 

In this Section we go further on and construct explicitly, for any gauge, the phase space variables of the MCS theory 
in terms of those of the SD model. As we shall see, the strategy developed in Sections 2 and 3 will be of great help 
for putting the equivalence between the SD and the MCS theories on a more firm basis. 

The dynamics of the SD theory is described by the Lagrangian density |qjlq| 

c SD = ~Ye e " up {d » fv) fp + \ ru ' (JU) 

where is a parameter with dimensions of mass. We use natural units (c = Ti = 1) and our metric is <7oo = —511 = 
— <?22 = 1- The fully antisymmetric tensor e^ p is normalized such that e 012 = 1 and we define e y = e 01 - 7 . Repeated 
Greek indices sum from to 2 while repeated Latin indices sum from 1 to 2. Within the Hamiltonian framework, the 
SD model is characterized by the primary constraints &[il],|2l[] 



T (0) = ir Q « , (5.2a) 

T/ 0) =7ri + -L e ^ «0,t = l,2 , (5.2b) 



T 3 0) = -Af --a^P) «0 , (5.3) 



1 ... - 1 



the secondary constraint 



and the canonical Hamiltonian 

Hi°i = [#x (- y 

We denote by ir^ the momentum canonically conjugate to the field variable / M . All constraints are second-class. 

The quantization of the SD model as a second-class theory was carried out in detail in Ref. J2^] . The Heisenberg 
equations of motion together with the equal-time commutation relations are solved by 

F (±) (a .) = _L / ^L exp \±i(u;,x - k ■ xj\ r^ (k) , (5.5) 



Kd = d 2 x[ --FU + -a^f^P ■ (5-4) 



2?r J ^/2loI 
where luj: = +y\k\ 2 + 9 2 and 

f^ + \k) = e^(fc)a (+) (fc) , (5.6a) 

f^ ] (k) = £*"(£) a (_) (fc) • (5.6b) 

Here, a^\k) are creation and anhilation operators and e M (fc) is the polarization vector. Observe that the system 
under analysis possesses three coordinates, three momenta and four second-class constraints. Thus, as in the particle 



case in Section 2, one is left with only one independent degree of freedom. The determination of e M (fc) led to 22 



e°(k) = j^Mo), (5.7a) 



where 



e°(0) = , (5.8a) 

e J (0) = -t^e*e,(0) . (5.8b) 

a 

As for the spin of the of the SD quanta, it was found to be ±1 depending upon the sign of 0. 
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The outcomes of applying the BFT embedding procedure to the SD theory have already been reported in the 
literature and we shall merely quote here the results &-hl],El| 






(0) 



T 



(0) 



% = n - i / w , 



¥ e t] d^° wO , 



% 



(0) 



1 



1 



% = 7j (f + ^) -M^d^p + p) «0 



and 



H 



(o) 



i?SD = / d- 



5(f + ^) 2 + 5(/ O + 3 ) 2 -m(/ o + 3 )T 3 



(5.9a) 
(5.9b) 
(5.9c) 

(5.10) 



As demanded 0], a new pair of canonical phase-space variables (coordinates u°, u z , u 3 and momenta Poi "Pi, ^3) for 
each second-class constraint has been introduced. By definition 



1 



2 



• u* + d l V 3 - e ij Vj , 
u 3 + ev + d l V l . 

Then, the only nonvanishing Poisson brackets among the <^>'s are, as required |2j , 

[q>°(x),q> 3 (y)] p = -eS(x-y) , 
[P(x),<f>>(y)] p = -6e^6(x-y) , 
[</> 3 (:r),^(y)] P = -dfS(x-y) . 



(5.11a) 
(5.11b) 
(5.11c) 



(5.12a) 
(5.12b) 
(5.12c) 



Since the extended constraints verify, by construction, an Abelian algebra |2J], the Green functions generating 
functional (W x ) is given by 

. 1 2 3 3 

-' ^=0 /i=0 a=0 a=0 

x (LI WJ (I! *[*°] J exp i J d 3 x (irj» + V a u a - H S n) , (5.13) 



where TLsd is the Hamiltonian density corresponding to H$d and x a ^ a — 0, 1, 2, 3 are the gauge conditions. As 
we did in the particle case, we first perform the change variables u a — ^ u' a — cj) a , V a — * V' a — Va, whose jacobian 
is nonsingular and can be lumped into the normalization constant M. Since TisD does not depend upon V' a , the 
corresponding integrals can be carried out at once, yielding, 

2 2 3 / 3 \ / 3 \ 

W x =M f[f[vr][f[Vn,][f[vr]det[ X a ,T b ] P (f[ 6[T a }\ [f[ 6[ X a ]) 



/i=0 



^=0 



x exp 



' / d 3 x ( ttJ^ + ^W ~ ^° ~ jp4>°^d l & - Hsd 



(5.14) 



We use next the extended primary constraints 7o = 0,71 — to perform the momentum integrals, thus arriving to 

23 / 3 



W x =Af Af[ Vf»][f[vp] det[ X a ,T b ] P (f[ 6[ X a 

■> fi=0 o=0 \a=0 



X d 



' ^C° - leijtfCP 



exp 



* / fac^iC) 



(5.15) 
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This is the analog of (3.16). The role of the nonrelativistic variables x a (see Eq.(3.18)) is now played by the variables 
C\ defined as 



C° = f° + f 

& = f + 4> l . 



(5.16a) 
(5.16b) 



The variables C are gauge invariant. To see this, we recall that the generator of infinitesimal gauge transformations 
(G) is, by definition JlJ, a linear combination of the first-class constraints, i.e., 



G = 



d 2 xe a T a 



(5.17) 



where the e a are infinitesimal gauge parameters and a runs from to 3. Then, under infinitesimal gauge transformation 
the phase space variables can be seen to change as follows 



sf 


= 










Sf 


= 


e* , 








Su° 


= 










5u l 


= 


e l , 








Su 3 


= 










5ir 


= 


c 1 

m 








SlTi 


= 


^ £J 


+ 


1 

m 2 


d 3 e 3 , 


SVo 




2m 


+ 




5P X 


= 


1 
" 2n~i 6ij 


e j 


1 
2m 2 


Uj &e 3 


sp 3 




1 3 









2m 



(5.18a) 


(5.18b) 


(5.18c) 


(5.18d) 


(5.18e) 


(5.18f) 


(5.18g) 


(5.18h) 


(5.18i) 


(5.18J) 



From ( [5.16 ) and ( 5.18 ) follows that the C M 's are, as asserted, gauge invariant fields. Moreover, the subsidiary 
conditions \ a = 4> a = return us back to the original second-class theory and, hence, define the unitary gauge. 

We turn next into investigating the existence of alternative formulations for the converted theory. Guided by the 
particle case, we perform the canonical transformation 



f 



u 

P 3 



A" 



f 



P ° = n ° + 20 U ° + Vz ' 



,A - I 



etj&Va 



Pi = -fa-Pi)- ^aAf 

U° =u° , 

Ko=Po + ±f + ±d i fa-P i )-^e i 



d l (f 



U l ■- 

U 3 

N 3 



(u l + f) -e^fa-Vi) -Sd'Ps 



2 % 
u 3 - 

Pi ■ 



l&^+VA + ^&iP 



(5.19a) 


(5.19b) 


(5.19c) 


(5.19d) 


(5.19e) 


(5.19f) 


(5.19g) 


(5.19h) 


(5.19i) 


(5.19J) 



In terms of the new variables, the functional integral in the right hand side of ( 5.13 ) can be cast as 
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. 2 2 3 3 

^ /i=0 /x=0 a=0 a=0 

n s i t «\\ (n 5 ^°] ) exp * / ^ ( p ^ + Natja - k 



\a=0 / \a=0 

where the transformed Hamiltonian density K is given by 

rp. a 

/C = — P 4 P - - Pie ij A j 
2 2 

- — e« i™ - g 2 , 
20 J 



(5.20) 



p. . mi 



■A* A 1 



with 



and 



pv = pa? _ 0»4* 



= 5 fc P fe + — e kl 8 k A l . 
2.0 

Also notice that, in terms of the new variables, the constraints translate into 

% = Pq i 






2Ni 



N 



±U 3 -±G 
29 29 



(5.21) 
(5.22) 
(5.23) 



(5.24a) 
(5.24b) 

(5.24c) 



We now focus on the right hand side ( 5.2C ). Since K, does not depend upon U a and N a , the partial gauge fixing 
X % = U l = does not imply in a physically meaningful restriction and enables us to carry out the U l and Ni 
integrals. The situation is quite analogous to that encountered in the particle case. Afterwards, the constraint T 3 is 
exponentiated by means of the auxiliary variable A 3 and the integrals on Nq and U 3 are performed. The integrals on 
7V3 and A 3 are also carried out and one arrives at 



. 2 2 

W x = X / III VA ^ til VP »] [ pf/ °] det[ X a ', T h ,]p 

I d 3 x (PyA* -U°Q -K 



^=0 p=0 

x5[P Q ]S[ X ]6lx 3 ]exp 



(5.25) 



where a' and b' only take the values and 3. The subsequent integration on U° produces S[Q] which, up to a field 
independent determinant, is proportional to S[Q]. Hence, the final form for W x is 



W v 



x exp < 1 



2 2 

M f [JJ VA»] [JJ 2>P„] det[ x a \ T b ,} P S[P }S[ X °}S[d k P k + ^-e kl d k A l }5[: 



c/ 3 .i 



P^ - ( yPP - -PaPA' 



p. . JT l 3 

492 V 



-A 1 A 1 

8 



(5.26) 



which is just the phase-space path integral describing the MCS theory in any arbitrary canonical gauge fl20fl . Also, 
from Eqs.( pT8 ) and fl5.19| ) one can confirm that, under infinitesimal gauge transformations, the field variables A^ and 
P M do transform as the MCS variables, i.e., 

(5.27a) 
(5.27b) 

(5.27c) 
(5.27d) 



5A° 


= e° 

c 1 


SP 


= , 


8A l 


29 ' 


5P t 


' c Fl k c3 

- 4^2 W £ 
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After performing the momentum integrations, one finds that the effective Lagrangian arising from (5.27) is the well 
known MCS Lagrangian density C MCS @l||g] 

L MCS = C ui=0 = -^F^F^ + ^""F^Aa . (5.28) 



As in the particle case, the mass term in (5d) was replaced by a "kinetic energy" term. However, unlike in the 
particle case, £ MCS can not be fully written in terms of gauge invariant fields. In fact, £ MCS does not describe a 
regular theory but a first-class one, possessing two first-class constraints |20J. The counting of degrees of freedom 
(three coordinates, three momenta, two first-class constraints and two gauge conditions) reveals that, as in the SD 
model, only one independent degree of freedom is present in the MCS theory. Since C MCS derives from C SD through 
the BFT conversion procedure, they must be equivalent. In fact, as demonstrated in Ref. J22] |, the particle content of 
the S D m odel is th at of the MCS model in the Coulomb gauge, while the polarization vector of the SD quanta (see 
Eqs.(5.7) and (5.8)) is that of the massive MCS quanta in the Landau gaugeR. It is in this sense that £ MCS and C SD 



describe equivalent physics. 

We believe to have generalized the proof of equivalence between the SD and the MCS models presented in Refs. 
P-0,ElJ, where the election of specific functional forms for x° and X 3 was essential to establish this correspondence. 
Notice, moreover, that our proof of equivalence is not restricted to demonstrate the equality between two functional 
integrals, but also involves an explicit construction of the phase-space variables of the MCS theory in terms of those 



of the SD theory. This is precisely the meaning of the canonical transformation in Eq.(5.1£) 



VI. BFT EMBEDDING OF THE PROCA-WENTZEL THEORY COUPLED TO FERMIONS 

We shall present in this Section the BFT embedding of the 3 + 1-dimensional Proca-Wentzel field (B a ) minimally 
coupled to fermions (tp, i/m. This is second-class theory involving bosonic and fermionic degrees of freedom and 
exhibiting bosonic and fermionic constraints. Our starting point is the Lagrangian density 

C PWF = -\f^F b ^ + !L B a B Q + l -^ a d a ^ - ^M)^ -Mfa + g^ a B a ^, (6.1) 

where F B — d a Bp — dpB a: /i is the vector boson mass, M is the fermion mass and g is a coupling constant. Our 
metric is goo = ~9n = — <?22 — ~~ .933 — +1- This model possesses primary and secondary second-class bosonic 
constraints. They are, respectively, 

6 0) = 7T6 5 « , (6.2a) 

&(°) = !(0*7if + m 2 B° + . 9 ^ 7 V) » . (6.2b) 

m 

The second-class fermionic constraints, 

f { a ] = *$ a ~ llabTpb » , (6.3a) 

/i 0) =^ a ~ ^7£,«0 , (6.3b) 

are all primary constraints, while the canonical Hamiltonian reads 

HP WF =jd?x{\nfnf + \F?F B " + |W +1 [^] 7 V " ^7*PW] 

+ g^ l ^B l + M^ip - B°(5Vf + — B° + g^ ip)\ . (6.4) 



5 Recall that in the Landau gauge the MCS theory exhibits massive and massless (gauge) excitations. 
6 The BFT embedding of the free Proca-Wentzel field has already been reported in the literature. See Refs. 
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Here, w^ , w^ a and ~kj, are the momenta canonically conjugate to B^, ip a and ip a , respectively, and a is a spinor index 
running from 1 to 4. Notice that /(°) = — / T 7°. 

Now, we use again the BFT procedure to convert the system into first-class. For the bosonic sector of the constraints 
one obtains 



b (o) 

fc(°) 



bo = b { 0) + b l) = ir + m* 1 » 

h = &r 

1 



b? + b? 



9Vf + ^ (B° $°) + g $ + if)/ ty + h) 



whereas the fcrmionic sector of the constraints extends as follows 

/i 0) -»/. = /i 0) + /i 1) = ^ a -i 7 2b(^+6) 

Ho) 

J a 



fa = /i 0) + fi 1] = 7T* - - (^ +| 6 ) 7 ?„ « 

The extension of the Hamiltonian is more involved and one ends up with 

rr(0) _^ TT _ rr(0) , rr(l) , rr(2) , rr(3) 

PWF -"PVV-F — n PWF ' PWF ' PWF ' PWF 



<!■'>■>■ I \*f*f + \F?F B " 



2 2 v ; 



di$ + ld 



i l i^ + \0- \^ + \0i l 



9^ + 1® 



+ 9 $ + ^VW" + ^0 B* + M(^ + ±t)W + ±£) + m* 1 cW 



/i(B°-$ u )&i 



$ 1 V 2 $ 1 



(6.5a) 
(6.5b) 

(6.6a) 
(6.6b) 



(6.7) 



where we denoted by <&°, < I> 1 and £, £ the BFT bosonic and fermionic embedding variables, respectively. Presently, 
we omit the detailed construction of these composite objects in terms of canonical variables but only mention that 
they are required to obey the Poisson bracket relations 



[t> A (x°,x),t> B (x°,y)] p 



AB 



5(x - y) , 



"±tJa b 8(x-y) , 



(6.8a) 
(6.8b) 



where the superscripts A and B run from to 1. Needless to say, the Poisson bracket between fermionic variables 
is symmetric. We would like to stress that, as a consequence of the embedding procedure, the number of fcrmions 
doubles 7 . One can check that the constraints bA, f a , fa and H are strong under involution, thus characterizing an 
Abelian first-class theory. By definition, the Hermitean generator of infinitesimal gauge transformations is 



G 



PWF 



d 3 x(\ A b A + ia a f a + if a a a ) , 



(6.9) 



where \a, ot a and a a = +a'^y° are space-time dependent gauge parameters. Then, under infinitesimal gauge trans- 
formations the field in the game change as 



SB" 



A" 



SB 1 
<5$° 


= - - d l y , 

m 
= A° , 


8& 1 


= A 1 , 


Slpa 


= m° , 



(6.10a) 

(6.10b) 

(6.10c) 
(6.10d) 
(6.10c) 



7 We are indebted to Prof. J Barcelos-Neto for a discussion about this effect. 
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Slpa 



i or 

2tg_ 



(^a + ^a)A 1 - 2ia a , 



S£a = + — $« + ~&) A 1 + 2 i a a 



(6.10f) 

(6.10g) 

(6.10h) 



We look next for the generating functional of Green functions W XtV ^. Since the theory is Abelian, the ghosts are 
easily integrated out and one is left with 

W x , v ,fj = M f[DH] dct[ x A ,b A ] det[fj a Ja] det[ v a , f a ] ( f[ 6{b A ] j ( f[ 5[ X A ] j 
J \A=V J \a=o ) 

( n <*[/»]) ( n w) ( n *[/■]) ( n w) ^^a PWF ) , (e.n) 

\a=l / \a=l / \a=l / \a=l / 

where \ are the gauge fixing functions for the bosonic sector of constraints and rf and fj a are the corresponding ones 
for the ferm ionic sector. These subsidiary conditions are to be chosen as to make all the Faddeev-Popov determinants, 
in Eq.(6.11), nonvanishing and field-independent. The integration measure [-DE] involves all variables appearing in 
the action Apwf, which, in turn, reads 



A 



PWF 



d A x lrfB» + n+j, -^ + -£ 7 °£ + %$ A e A B$ 



&B 



H 



PWF 



(6.12) 



with J (fixTipwF — H pwf- The integrations over the fermionic momenta can be carried out at once by using f a = 
and f a — 0. Then, the gauge is partially fixed by choosing \° = B°. This, together with &o = 0, enables one 
to integrate out the sector B°, Wq . Afterwards, the constraint b\ = is exponentiated by means of the Lagrange 
multiplier ^j,B° , which brings back B° into the game. Finally, by restricting the remaining gauge conditions not to 
depend upon <&° and the momenta irf , the corresponding integrals can also be carried out. Thus, one arrives at 



W XtV ,n = W ll[DB a ][De][D$][Dil>][DS}[Dl;} detfcS&i] det[if,/ ] detfo°,/ a ] 



-nx 1 ] n^^] II ^ 



\a=l 



exp ( i j d x Cbft 



(6.13) 



where 



C 



PWF 
BFT 



B pB,a/3 






{B a - d a 0) {B a - dj 



D a (B)W + -$) 



D* a (B)(i> + -0 



r (v> + h) 



M{i> + \m + \® 



(6.14) 



As usual, D a (B) = d a — ig B a and we have replaced $ x by — /u.9. 

From (6.10) follows that Lp^p^ remains invariant under gauge transformations. Clearly, the unitary gauge condi- 
tions x 1= # = 0, ?y = £ = and r\ = £ = lead us back to the original theory, defined by C PWF . 

We end this work by remarking that, as in the particle case, the theory can be fully phrased in terms of local gauge 
invariant variables. To see how this come about, we start by introducing the composite fields ^ , ^ and B a via the 
non-linear transformation 



* 



* + 5* 



B a = B a - d a 9 , 



(6.15a) 

(6.15b) 
(6.15c) 



which, from (3.10), are seen to be effectively gauge invariant. It is now easy to see that Cpprf can be casted as 
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1 II 2 

r PWF _ L tpB ipB.aS , A* R a R 
L BFT — _ T ^a/3^ + — D O a 

+ l^ 7 a [£> Q (B)tf] - | [D*(B)tf] 7"* - MM . (6.16) 

Therefore, the theories described by £ PM/i? and C^p^ are not only equivalent but identical. 

VII. CONCLUSIONS 

The BFT conversion procedure provides a systematics to generate a set of first-class theories equivalent to a given 
second-class one. However, we learnt that no a priori statements can be made about the kind of first-class theories 
arising through the BFT mechanism. 

Indeed, in the particle case we succeded in finding a canonical transformation where all the first-class constraints 
T a became a subset S a of the transformed momenta. Then, only the variables U a , canonically conjugate to S a , were 
affected by the gauge transformations. Moreover, it turned out possible to write the Hamiltonian K in terms gauge 
independent variables only. Q a , and P a - 



The situation for the SD model was qualitatively different. As indicated in Eq.(5.24), only the converted primary 
constraints 7o and % turned, after the canonical transformation, into momenta. The converted secondary constraint 
Tz remains a combination of the phase-space variables A 1 and Pi (see Eq.( 5.24q )). As consequence, the coordinates 
of the MCS theory are gauge dependent objects. 

Any attempt of relating the results summarized above with the existence or not of secondary second-class constraints 
was destroyed by the Proca-Wentzel theory. There, the presence of secondary second-class constraint was not enough 
to prevent us of writing the converted first-class theory only in terms of gauge invariant fields. 

It has recently appeared in the literature the BFT embeddings of the massive Yang-Mills theory |E6[ and of the 
non-Abelian SD model P7[ . The generalization for these cases of our technique mounted on canonical transformations 
is currently under progress. 
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